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Abstract

We assume that an infinite material contains a point inhomogeneity which has slightly different elastic constants
from the rest of the otherwise isotropic and homogeneous elastic material. We evaluate the path of a three-
dimensional semi-infinite quasi static crack propagating near this point inhomogeneity. The real space crack path is
evaluated as well as the power spectrum of the crack surface. The latter enables us to calculate the roughness
exponent for quasi-static fracture. It is also shown how the real space crack surface and its power spectrum can be
obtained for an arbitrary distribution of inhomogeneities. © 1999 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Most theoretical treatments of crack propagation are based on the assumption that the linear elastic
material is isotropic and homogeneous; see for example Lawn (1993), Sih (1973) and Freund (1993).
Real materials contain inclusions and, in spite of their practical importance, little is known theoretically
about crack propagation in the presence of heterogeneities. The main obstacle to a theoretical analysis
of crack propagation in heterogencous media has been the fact that as a crack passes by an
inhomogeneity, it also changes its surface geometry. In turn, this geometrical perturbation influences the
direction of crack propagation. Only recently has the relationship between a small perturbation of the
crack surface and the direction of crack propagation been quantified in three dimensions (see Ball and
Larralde, 1995; Al-Falou et al., 1998). Previous calculations (e.g. Gao, 1992; Xu et al., 1994) lead to
similar results apart from a different prefactor of Kj;. Using this result, we can decompose the
calculation of the crack path into the known geometrical contribution and an inhomogeneity
contribution which remains to be evaluated in this paper.

The base problem we consider is that of a crack propagating past a point inclusion of (slightly)
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Fig. 1. Crack propagation near a point inhomogeneity at position a.

different elastic constants from the surrounding medium. We calculate the resulting crack surface
deflection to leading, linear order in the elastic constant variation. The linearity of this calculation
means that it can be interpreted as the general response function to elastic perturbations, and the
response to general (but weak) perturbations is obtained by superposition. For tractability, our
calculations are limited to quasi-static type I crack propagation through a locally linear and elastically
isotropic material. Restricting the inhomogeneities to isotropic elasticity still leaves the variation of the
two Lamé parameters to consider.

The main burden of our calculation is to evaluate the first order mode II stress intensity factor Kiy
(the zeroth order vanishes as the unperturbed crack is purely under mode I loading) along the perturbed
crack crack edge. Then the maximal Hoop stress criterion, i.e. Ky[2]=0, implies a functional equation
for the crack surface /i(x,z) determining the path of the crack edge. Here and in the following, the
coordinates x, y and z denote the frame of reference of the unperturbed (planar) crack oriented as in
Fig. 1.

2. The virtual force from a point inclusion

We anticipate that, in the presence of an inhomogeneity, the geometry of the crack will be slightly
disturbed. We can decompose the first order contribution to the displacement field into a geometrical
part for the homogeneous material (as if the crack surface were perturbed and the material
homogeneous), u,, and an inhomogeneous part for a planar crack (as if the crack were planar and the
material has an inhomogeneity), u;. The total displacement up to first order is

u=uy+u, +u;, 1)

where ug is the mode I displacement field of the unperturbed crack. Finally, we want to obtain the mode
II stress intensity factors Ky, and Kjp; associated with u, and u;. Note that the stress intensity factor for
the geometrical contribution has already been calculated by Ball and Larralde (1995) (see also Al-Falou
et al., 1998) to be

Ky (oh (€y) 2

—3v
Kig(k:) = 7( Y » |kz|hk__,(ex)>s )

where £, denotes the x position of the crack edge, /i (x) is the Fourier transformed vertical perturbation
of the planar crack and and Kj;4(k.) is the corresponding transformed mode II stress intensity factor
along the crack edge.

In the following, we shall calculate Kjj; associated with u;,. We assume that the material without the
inclusion is isotropic and homogeneous with an elastic moduli tensor C, given by
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Cijkt = A0S0 + p(0udj + 9ydji). (3)

The elastic moduli tensor of the inclusion at the point a is C+JCf(x—a), where we treat 6C as a
perturbation to first order. To calculate the linear response in the mode II stress intensity factor to a
variation of A, we set f{x—a)=0JVo(x—a), where o) is the (infinitesimal) volume of the inclusion. The
linear equations of elasticity read as:

—V.a=0

IS

with
g =(C+6CoV é(x — a):Vu, “)
and the boundary conditions,

g =0 )

N

on the planar crack surface, whose outward normal is n. Inserting u=uy+ u; in Eq. (4), we obtain
—V-6CéV 6(x — a):Vuy — V- (C+ 6CoV 6(x — a)):Vu; = 0, (6)

since, by definition, u, satisfies the linear elastic equations for the elastic moduli tensor C. The boundary
conditions become

n-0CoV é(x — a):Vuy +n-(C+ 0CéV 6(x — a)):Vu; =0 (7

on the planar crack surface. Neglecting second and higher order contributions in Eqs. (6) and (7), we
obtain

V-GV =1
with

S = VOGOV 0(x — a):Vu, (®)
and

n - C:Vu; = 0 on the crack surface. )

Note that in the last equation, we have used the fact that the symmetric strain tensor (Vi) of a quasi
static crack under mode I loading vanishes on the crack surface (see also Ball and Larralde, 1995).
3. Kjy; for a point inclusion

Eqgs. (8) and (9) together reduce the problem of a point inclusion to an equivalent force on a planar

crack. Using the 3-D mode II weight function %y, given in Appendix A, we now proceed to evaluate the
corresponding mode II stress intensity factor. Direct application gives

Kii(Z) = | 4°x8,(5.2)95CoV 3(x - Vi (),
Q

Kui(Z)=—-V9y(as,aya. — Z):6C6V:Vuy(ay,ay), (10)
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where we have integrated by parts to obtain the second equation. We have no contributions from
boundary terms since we assume that the inclusion is located in the bulk, that is a, # 0, so that the delta
function yields zero on the crack faces. With 6Cjx; = 6460, + du(didy + 0udj), the tensor product in
Eq. (10) reads

Kui(Z) = —0V[oAdiv Gy div uy + 6ud;%(d;uo,; + dju0,;)]. (11)

Note that the three-dimensional weight function as given in Appendix A is still Fourier transformed
in its z coordinate. Therefore, we shall calculate the mode II stress intensity factor for each Fourier
component Ky ;(a,k.) and the real space stress intensity factor is obtained from

Kni(a,Z) = J dk. K (a.k.)e™ %, (12)

—00

where Eq. (11) yields

Kuiak.) = —6 V[é)v div (gn(ax,ay, - k;)e_’k-””:) div 1,
(13)
+ 0o, (gi(axsayy - k:)e_ik’a"> (8140, + 8ju0,f)]-

Note that derivatives are taken with respect to the a coordinates and %y (k) and u, are known
functions. Since div %y and div u, satisfy Laplace’s equation, they have a comparatively simple form,
whereas the remainder in Eq. (13) contains the complementary error function. For simplicity of
exposition, we shall restrict ourselves to the case where du=0 in what follows, thereby avoiding integrals
involving the complementary error function. From Lawn (1993), we have

. _ Ki(1-2v) ¢
div uy(x) = \/@;WCOSE (14)

and from Appendix A,

; 1 -2v 1
: _ —ik.a. — _ B ;
(G, —k)e™) = VKT Kl =5 T

(15)

. 2 "
x e elr (1 + > _vvlk2|r + 2 cos ¢ + 2|k;|r cos (/))e_’/‘-’“:.

Setting these in Eq. (13) with r = /a2 + @}, a,=r cos ¢ and a,=r sin ¢, we obtain

1 w1 2k, |ay 2|k2|a,y>e_[k:a:’ 16)

VoA (1 —2v)? N
(k1) 2=v (k) (kAry (ko)

Kni(ak:) = K — =W kel <

8n(l —v)
if the crack tip is at x = 0 and the point inclusion at (ay.a,,a.). For an advancing crack whose tip is at
x=1{,, we replace a, by a,—/, in the last equation. For a general spatial distribution of inclusions JA(x),
we obtain the resulting mode II stress intensity factor from

Ky i(k:) = Ld Sad (@)K (ark.), (17)

where d4 is replaced by d4(a) in Eq. (16). In the general case, we need to include the response to du # 0
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and 41=0, which we add to Eq. (16). It is straightforward but cumbersome to compute this expression
from Eq. (13).

Physically the restricted case i ~ 0 can be attained in a material containing a small volume fraction
¢ of voids but otherwise nearly incompressible. This gives

11 qb

where 4 and B are positive constants of order unity and the Lamé constants, Ag>>pu,, refer to the
voidless case. Then

o _ —A5¢

A
)0 0+ 4¢

(19)

can be large compared to ou/u=—Bd¢p.

4. The evolution equation for the crack tip

We assume that the crack propagates due to the maximal Hoop stress criterion, i.e., in the direction
where the total mode II singular stress is zero. We have two contributions to the total mode II stress
intensity factor. First, Kjy; which arises from the inclusion and which we have calculated above. Second,
Ky, from the geometric perturbation of the crack surface from planarity which has been calculated by
Ball and Larralde (1995) (see also Al-Falou et al., 1998) is given in Eq. (2). Then the evolution equation
is

0 = Kig + K- (20)

Substituting Eq. (16) into Eq. (20), the evolution equation becomes

(L)  2—3v B div(l—2v) 3 ik gl
3L, + v |kz|hk_-(EX)— oV ) 2n(1 — ) )|k I"e
(21)
W v 1 2kl — ) 20kl@ = )
(k:\r)* 2=V (lk.|r)? (k| (k. |ry*

where r = ,/(ay — Zx)z + a!]2 Note that we have used the relationship 4 =

5. Relating the power spectrum of the crack surface to the distribution of the inhomogeneities

2v
1oy M-

In practice, the power spectrum of the crack surface, W, is measured in diffraction experiments.

Here A denotes the crack surface area covered by the scatte#ing beam and the reason for dividing by 4
is to define the power spectrum independently of the size of the sample or the scattering beam. In this
section we want to relate the power spectrum to the distribution of d4(a). First, we rewrite Eq. (21) for
a general distribution di(a),

O (0y) 2 —3v R )
b T o el () =

-~ =7 359 —ik.a. o .
2n(1 — v)J. Ld adM@)e™ " 8(Lx — ax, — ay.k2), (22)
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with

(23)

—v (kA (el (k)

A ik 1 2v 1 2|k, |x 2\k.|x
X, 7k2' - - k: 3 (S lkzIr +
g(x.y.k:) k" e T2

where r = \/x2+ »? and Q is the region occupied by the elastic material. We note that the integral on
the right hand side of Eq. (22) is a convolution integral with respect to £, and the Fourier transform of
0/(a) with respect to a.. We now need to Fourier transform g(x,y,k.) in Eq. (23) with respect to x and y
to obtain an equation for h(kY,k ) which relates the experimental data about the power spectrum of the
crack surface to the Fourier transformed distribution of inhomogeneities in the bulk of the material.
The evaluation of the Fourier transform is straightforward and important steps are given in Appendix
B. The final result reads:

dk, &(k)d (k)
. 1-2 J y
ko) = -0 =2 ) %)
Qn*(1 =i 2 3v k.
ik + 5 ]
where the function g(k) is given in Eq. (B4) in Appendix B,
A Jekey k2 ks + k3 2k
g(k) =2n — =2~ kz}_
(kg + kg,) z [K2 + k2 + k2
(25)
1 2— K> 1 1
+ 2mik, 3 =

fie+ic+iz 2oV o4

Egs. (24) and (25) constitute the formal linear response of the crack displacement to elastic modulus
fluctuations. From these, we can obtain the power spectrum in terms of the distribution éA(x),

; (26)

4 g \ena-wi

where k= (ky.ky.k.) and k" = (ky.k;.k2).

However, under further assumptlons we can relate the spectrum |5}(k)|2 directly to the spectrum
|h(kx,k )|?. Let us assume that we average |h(kY,k )|? over a large number of experiments and that the
distribution of inhomogeneities remains the same. In each experiment, the location of the crack surface
is arbitrary shifted by an amount y with respect to a reference surface. The average over y yields zero
for the off-diagonal eclements of the operator in Eq. (26) since the average over y of both sides in Eq.
(26) can be written as

. dy ,(dky (dky
(It k)P ZJ_yJ ddey J_)J oo e Sy = DI 7). (27)
L, 2n ) 2n
where the integrand in Eq. (26) is abbreviated by f(ky)f(k}’,) and L, denotes the extension of the material
in the y direction. We observe that after translation of y and y’, the y integral yields 2no(k, — k).
Hence, we obtain
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. © I8P
Wil )y ( V(1 = 2) >2J_md"y'g(’9' % o8
A wW1T-i) ey 22_—3Vv|k2”2 :

where the brackets denote the average over y and V= A|L,.

Our result Eq. (28) directly relates the two-dimensional power spectrum of height fluctuations in the
fracture surface to the three-dimensional power spectrum of elastic modulus fluctuations. The former are
frequently parametrised in terms of a roughness exponent {, such that the power spectrum scales with

k” = ‘/ki +kg as
(kb)) ~ k72, (29)

where a broad range of measurements give { ~ 0.5-0.8 (see for example Bouchaud, 1997). Whilst most
of the cracks measured were dynamical and far from quasi-static, it is interesting to examine what
inhomogeneity spectrum can lead to the same result from our quasi-static calculations. As g is
homogeneous and of degree 0 in k, one finds

04> ~ 2! (30)

is required, assuming the integral in Eq. (28) to converge as it does for { > 0. Thus, within a quasi-static
analysis, { &~ 0.8 requires an inhomogeneity spectrum which is not compelling.

The function g(k) can be written as |g(k)|* = 4n® + order(k %) for large k,. Thus, for |(3}(k)|2 falling
off slower than k= (as, for example, for white noise), the 1ntegra1 in Eq. (28) dlverges at large k,. In
particular, its leading order does not depend on k, and k., yielding |h(kY,k )2 [ and a roughness
exponent of zero. This corresponds to the observations of Ball and Larralde on a brittle foam (see
Larralde and Ball, 1995). This suggests that quasi-static fracture has a “universal’ roughness exponent of

zero, and that the observations of Bouchaud correspond to a fundamentally different dynamical regime.

6. The real space disturbance of a crack near an inhomogeneity

In the last section on crack propagation near heterogeneities we shall investigate the disturbance of
the crack in real space, i.e., i(x,z). We assume that an initially planar crack propagates in an isotropic
and otherwise homogeneous elastic material. The material has a point inhomogeneity at a=(a,,a,,a.)
with elastic constants 4+ 0Vd04d(x—a) and ou=0, where A and u are the elastic constants of the bulk
material. We recall that 0) is the (infinitesimal) extension of the inclusion. We now want to investigate
the real space height function for a point inhomogeneity. We may anticipate that the crack surface is
disturbed in the vicinity of the inhomogeneity whereas it becomes flat further away. We obtain h(&,k )
from the original evolution equation Eq. (21) to be

1-2 , e
o) = =0V L2 g peihag i | v

2 2n(1—v) " oo
(31)
Lo b 2kl@c—x) | 2Mkl(ac— )
(kolry 2=V (lk:lry? (Ih.|r)? (k1)

where r:,/(ax—x)z—i—a}z,. Note that, as the crack is initially planar, A (—ooc) =0. The integral in
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Fig. 2. The crack surface near a point inhomogeneity at (0,,,0). The axes are normalised to a,. Poisson’s ratio is v=1/3.

Eq. (31) can be written explicitly in terms of elementary functions. The explicit formula for A({,,£.) is
derived in Appendix C. For the purpose of practical implementation, it is more convenient to start from
the basic integral in Eq. (C6) and then to differentiate with respect to d, e and o_.

In Fig. 2, we see the evolution of the crack surface in the presence of a point inclusion at (0,4,,0) as a
function the variables £./a, and z/a,. The height function A({,,z) is given by h({.,z) = —57’ 422'22 h, where h
is the dimensionless quantity in Fig. 2. Poisson’s ratio is chosen to be v=1/3. As anticipated, the
distortion is maximal near the point inhomogeneity and flattens out further away. We also see that the
perturbation decays slowly as the crack passes by the point inclusion.

In Fig. 3, we see line cuts of the crack surface along the ¢,-axis for different Poisson’s ratios. We
observe that h({,,z,a) is not symmetric with respect to £,. The crack surface increases steeply near the
inclusion and decreases comparatively slowly. A close examination shows that the maximum value of
the height distortion is shifted towards positive £,. The shape of the crack surface near the
inhomogeneity remains the same for all four Poisson’s ratios; only the amplitude of the distortion
increases modestly with larger v. We may quantify these features by asymptotically expanding the rather
complicated exact result.

It is often sufficient to know the asymptotic behaviour of A(¢,,z,a) near and far away from the point
inclusion. For £./a,, z/a,<1, we have
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oV oiv(2 —v)(1 —2v 1+
hz.a)x — LA VN ) L | VT=2(—2 =7 4+ 7°n)

ai Ao 2m(1—v)? | 43/T =72

("2
ay

11—y
+2(=2-9*+y}arctan| [ — | | + =22
( 7 +) 147y 8(—1+ )3

2(8 — 892 — 3yt + y5)arctan( l—y)

— 8y +49° +9° + 941 = 2n) 4+ 4n — 2y%n —

(32)

(%)

a,

" 2 |24y -8 -9 =30+ 297 — 12+ 6)°n + 6)*n
8117 y— 8 Y Y y y y

-y
6(8 — 872 — 3p* + pS)arct S
( y /+V)arcan< 1+y>

_I_

1 —92

£y —

1
fx (y(ﬁ 13y 4592 4+ (64 6y + 492 + 4y3)1og<m))

a,
+ e >

3v

with y = . In the special case where v=1/3 (see Fig. 2), the above expression reduces to

oL oV £y 2 2
hly,z,a)x — ———5—510.57317 + 0.15922— — 0.67754—= — 0.469802—2 . (33)
4 Anta; ay a; a;

The expansion far away from the inhomogeneity assumes only “—=% = > 1, e, z is left arbitrary. For
positive & =4 as the crack passes by the inclusion, we obtain

2—v)(1 -2 2(1 —v)(2 — ¢ — dy
h(tyz.a)~ — 02v(2 —v)( : v)oV (2 v)( . 3v)(, 3 ) ny (34)
Ao 2m2(1 —v) 2=-3v)ly—ay) +2—-Vv)(z—a.)
If 6/(a) is a general distribution of inhomogeneities, the asymptotic value of A({,,z) for £,>>a, is
e - | P M@= 1 A==t -a) | 5)
o Ao 2m(l—-vy a4 | Q-3 (—a) +Q2-v)(z—a)

We can now imagine that we have a line of inhomogeneities parallel to the z-axis at a, and a, =0, i.e.,
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Fig. 3. Line plots of the crack surface A(x,¢.=0) near a point inhomogeneity at (0,a,,0) for different values of Poisson’s ratio. The
crack surface is given by A(x,l. = 0) = — 25 h, where / is the plotted quantity.

- 4nas

0A(x)=0A40A6(x)0( y—a, ), where 64 denotes the cross section of the line heterogeneity. Indeed, this is a
two-dimensional model of a crack near an inhomogeneity. Then the integration in Eq. (35) yields
OA2v(l —2v) 04

h(€y,ay)~ — ) WZ for £ > a,. (36)

That means as the crack propagates it becomes planar again, but it is shifted by the amount given in
Eq. (36).

We also observe that the crack is attracted towards an inhomogeneity if 4 < 0, and repulsed if
04 >0, as shown here. This is in agreement with our physical understanding, since negative 4 means
that the inclusion is softer than the rest of the material. Hence, the strain around the inclusion is higher,
and therefore, the crack is attracted towards the inclusion.

For a general distribution of inhomogeneities we obtain the height function by integrating
h(€,,z,a)0/(a) over the region occupied by the elastic material. All this suggests a great variety of
interesting industrial applications, such as, ‘guiding’ a crack by the placing of appropriate
inhomogeneities.

7. Conclusion

We have evaluated the path of a quasi-static crack near a heterogeneity with slightly different
elastic constants from the bulk. We relate the Fourier transformed distribution of the heterogeneties
to the power spectrum of the crack surface and thereby deduce a zero roughness exponent in quasi-
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static crack propagation. This is in agreement with experimental observations by Larralde and Ball
(1995). Bouchaud (1997) obtained a roughness exponent of 0.5-0.8 for dynamical cracks suggesting
that the roughness exponent depends on the velocity of the crack. We strongly suggest further
experimental investigation into the roughness of quasi-static crack surfaces. We also present closed
analytic expressions for the crack surface in real space with asymptotic approximations close and far
away from a point inhomogeneity.

Appendix A. The 3-D mode II weight function

The components of the mode II 3-D weight function for a planar semi-infinite crack are given by (see
Al-Falou and Ball, 1998)

G (x k) = V0ko|| (8 — 12v+ 4 + (2 — v)(cos ¢ + cos 2¢) + rlk-|(=2 4 11v — 8V + 2v

¢

Sin* —rlk:| i
~ B e 1 —2v |kz|r Sin ¢ rlk-|cos ¢ (Al)
cos ¢ + (2 = v)cos 2‘f’))4(1 —VQ-WVamkl  2-v 2

erfc (\/ 2r|k;|cos %) ,

Gup(x,p.k:) = /|k:| (4 — 10V + 4v? + (2 — v)(cos ¢ — cos 2¢) + rlk-|(=2 + 3v + 4(1 — v)cos ¢

(A2)
cos <%> ekl 1-2v ¢
— (2 — v)cos 2(1)))4(1 YC— X NeITial — TPl v)e"k-"‘cos ¢ erfc<\/2r|kz|cos 2>
and
5 2—v . ¢
(— 1+ Zv—2v— = —"cos d))sm— B
G xepes) = i sign(e /Tl 2 o _2v) 2 /rlznzl okl
(A3)

1 —2vr|k.|si "

+ VL zsin q’)e’v‘:'“’s d’erfc( 2r|kz|cos¢) ,
2—v 2 2

where x=rcos ¢, y=rsin ¢ and erfc denotes the complementary error function. The weight functions

Y12 (X0,y0,k-) as stated above, return the Fourier transformed mode II stress intensity factor Ky(k.) for

a volume force of the form f{x) = fo(x — x¢)o(y — yo)e=*. Fully in real space, %y is given by
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(o¢]

1 ,
Gu(Zxy7) = %J dle: Gy (e, k)e 7). (A4)

If g is an arbitrary loading applied at the crack surface and f a volume force, we obtain the mode II
stress intensity factor at point Z along the crack tip in the form

K(Z)= Ld (2.2 fx) + LQngH(Z,E(S)) 5(x(S). (AS)

where Q and 9Q are the domain and the boundary of the material, respectively.

Appendix B. The Fourier transformed Green function for a point inclusion

In this section, we want to Fourier transform the function g(x,y,k.) in Eq. (23) with respect to x and
y. We recall

(B1)

o1 2klx 2lklx
—v(kAr) (k) (k) )

1
S(x, .k, = —|k.|P ye kI +
g(xy.kz) =~k y ((|k:|r)3 5

where r = \/x2 + »2. It is convenient to substitute x and y by the dimensionless variables |k.|x and |k.|y
and to replace k. — k./lk.|, k, — k,/|k.|. The Fourier integral is best decomposed into a regular part
and a part which shall be regularised by differentiation. In the new variables the back Fourier transform
reads

T o) N &) ) T 109 N
g'\(kx’ky’kz) — J d¢J drre_”k cos(d)—‘//)e—l (¥ _ v .y ) + J d¢J drre—nkcos(d)—x//)
-n 0 _x

I 2—V}"—2 0
e
4 B’

where x=rcos ¢, y=rsin ¢, ky=k cos y and k, =k sin . The first integral in Eq. (B2) can be obtained
by integrating with respect to r first and then to perform the angular integral by complex contour
integration. In the second integral, we first differentiate with respect to k and then evaluate the integrals.
Then the result needs to be integrated with respect to k. We obtain

(B2)

" Ank .k, 2 + k2 2v 2mik, 1
ok ks) = o 2 — 1=
Sk = 7 ( m)*z—v e (- se)

(B3)

k4 2 k2

2 .
4 dmkk, (\/1 YR —1— k-) + 2R e -,

Re-establishing the old variables and rearranging terms yields
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) = 2 foRAE () AR 2kl
8= 2 k2 2124 12
(kg + kg,) E [I2 + K2+ k2
) (B4)
+ ik, x 1 2-3v K 1 1

i v+ 2ovRER KD o4

Appendix C. Evaluation of the real space crack surface

We assume that an initially planar crack propagates in an isotropic and otherwise homogeneous
elastic material. The material has a point inhomogeneity at a=(0,a,,0) with elastic constants
A+0Void(x—a) and ou=0. A and u are the elastic constants of the material. We obtain /(€,.k.) from
the original evolution equation Eq. (21) to be

_ 51 V(l 2V) 3 —tk a- —|k \rJ Ik [(x—£x)
I (bx) = =0V o oy lkile ,oodxez
(C1)
Lo 1 2klac—y) 2kl —x)
(kolry* 2=V (lk:lr)? (Ik-|r)? (kAr)t )

where r = \/m' Note that A (—o0) = 0 as the crack is initially planar. The substitution u =
“TTY further simplifies Eq. (C1) to

k| (2_3V< »_Zx) )
(SA, 1 2 5 V —IKzldy _ xX— +r
(€)= __u Jax — ¢, dxe 2-v ay

A 2n(1 —v) a,
a, (C2)
i 1 2x v |k:la, 2|k-|a,x>
ik.a. [ it ZI%y zZI%y
¢ <r3 + #o2—v 2 + 3 ’
where r=+/x2+1. It is more convenient to first perform the back Fourier transform with

respect to k.

] (2—3v< ay ex> _az_z>
(S)u 1 — 2 b V 0 —K:ay — xX— +rti
h(@x,z) — u J =, de dk.e 2—vy a, a,

4n%(1 —v) a,
dy (C3)

y ( 1 N 2x N v k.a, N ZkZa‘,x) N
—+ =y = = : c.c.
Pt 2—v 2 r
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1 +2x
oA v(l =2v) 1 [* PRI
e e W v)a_%JM A R 2—3va,— b , a-—z
Y a@. X+r— +i
Y 2—v 2—-v a ay
v 1 2x
+ 2-vr2 1 A tee (C4)
2 -3y 2—-3va,—4t, .a.—z
xX+r— +1
2—v 2—-v a ay

In the last integral, we first substitute x = sinh u followed by the substitution ¢ = " to obtain

042v(1 = 2v) oV (=
e, z)= ———"~ ““/°" | _ - S d
(62) Ao (1—v) & Jax £x+ 1+<ax £x>
a),‘ ay
£ 32 -1 . 2
(1+ 2 <2—3v ) 2-3va,—4t,  a.—z ( 2—3v) (1 + 2y
2-v " 2—v o e )TUT2oY (C3)

<i+2)12+< 2v _2>
2-v 2—v

* + c.c.

2
2 —3v 2—3va,—{, a.—z 2 —3v
1)2-2 il 4+ 1-
|:(2—v+ ) (2—v ay ! ay >+< 2—v>:|

This is a standard integral of a rational function which can be derived (through differentiation with
respect to d, o+ and o_) from the integral

© 1 1
L N O G a =)

B log(a + id) B log(a — id) B log(a — ay)
 2id(wo +id(oy + o) —d?)  2id(epo- —id(oy + o) —d?)  (oy — o) (od +d?)

log(a —a_)
(o0p —o)(a2 +d?)’

(Co)

where

41-v)| 2=v a, 2—-v a ay 2—v

2—v |2-3va, —¢, —a. 2 3va, — 0, —a\? (2-3v\?
. v va, — L. _H,zaa_i\/( vax =t 2 a_) +< v) o ©
)
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and

(C8)
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